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This contribution gives a brief overview of the theoretical ideas underlying our current 
understanding of the early Universe. Confronting the predictions of the early Universe 
models with cosmological observations, in particular of the cosmic microwave background 
fluctuations, will improve our knowledge about the physics of the primordial Universe. 
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1. Introduction 

Inflation is today the main theoretical framework to describe the early Universe. In 
thirty years of existence, inflation, in contrast with earlier competitors, has survived 
the confrontation with cosmological data, which have tremendously improved over 
the years. Indeed, the fluctuations of the Cosmic Microwave Background (CMB) 
had not yet been measured when inflation was invented, whereas they give us to- 
day a remarkable picture of the cosmological perturbations in the early Universe. 
In the future, one can hope that even more precise observations will allow us to 
test inflation further, and also to discriminate between the many different possible 
realizations of inflation. 

This contribution discusses the basic ideas underlying inflation (many more de- 
tails can be found in e.g. [1]) and some more recent results. 



2. Cosmological evolution 

Modern cosmology is based on the theory of general relativity, according to which 
our Universe is described by a four-dimensional geometry g^ v that satisfies Ein- 
stein's equations 

Gfiv = R^v — g^SV = SirGT^, (1) 

where is the Ricci tensor, R = g^R^v the scalar curvature and T M „ the energy- 
momentum tensor of the matter distribution. 

The basic assumption of cosmology, which has been confirmed by observations 
so far, is to consider, as a first approximation, the universe as being homogeneous 
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and isotropic. This leads to the FLRW (Friedmann-Lemaitre-Robertson- Walker) 
spacetimes, with metric 

dr 2 



ds 2 = -dt 2 + a 2 (t) 



1 



r 2 (d9 2 + sin 2 6 d(/) 2 



(2) 



where n = 0, — 1, 1 determines the curvature of spatial hypersurfaces: respectively 
flat, elliptic or hyperbolic. Moreover, the matter content compatible with homo- 
geneity and isotropy is necessarily characterized by an energy-momentum tensor of 
the form 

Tt = Diag [-p(t), P(t), P(t), P(t)} (3) 

where p corresponds to an energy density and P to a pressure. 

Substituting the metric {2} and the energy-momentum tensor (J3J) into Einstein's 
equations |lj gives the Friedmann equations, 

tt9 ( a\ 2 87rG k d 4nG , „„. 

H = [-) =^tp-—i - = — =-(P + 3P), 4 

V a I 6 a z a 3 



which govern the time evolution of the scale factor a(t). There are several types of 
matter in the Universe, in particular pressureless matter (baryonic matter and the 
mysterious dark matter) and a gas of cosmological photons, characterized by a tem- 
perature T, which scales like l/a(t). Going backwards in time, radiation dominates, 
with higher and higher temperatures in the early Universe. 

From an observational point of view, the two most important events in cosmo- 
logical history are : i) nucleosynthesis (T ~ 0.1 McV), when the lightest nuclei 
were formed; ii) last scattering (T ~ 3000 K), when the Universe became quasi- 
transparent (due to the sudden suppression of interactions between photons and 
matter, as nuclei and electrons combined into neutral atoms). Photons that were 
emitted at that epoch are observed in the CMB radiation, discovered in 1964 by 
Penzias and Wilson. In 1992, the COBE satellite detected its anisotropies at a level 
of 10 -5 . Since then, these fluctuations have been measured with increasing preci- 
sion, lately by the WMAP satellite and in the near future, by the Planck satellite. 
One of the main goals of primordial cosmology is to explain the origin of these 
primordial fluctuations. 



3. Inflation 

Inflation is a phase of accelerated expansion, i.e. a > 0, in the early Universe. 
Initially, inflation was introduced to provide an explanation for several puzzles of 
the standard hot Big Bang model, in particular the flatness problem (or why the 
present spatial geometry is so close to Euclidean geometry) and the horizon problem 
(or why the CMB sky is so homogeneous on scales larger than the causal horizon 
at the time of last scattering, as defined in the standard Big Bang model). But 
it was realized, soon after, that inflation also gives a very natural explanation for 
the origin of primordial perturbations: they simply arise from quantum vacuum 
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fluctuations that got amplified when their wavelength, proportional to the scale 
factor, is stretched out beyond the Hubble radius H~ x . 

The simplest way to get inflation is to assume the existence of a scalar field, 
governed by the action 

S<f, = J d A x^—g (-Id 11 ^ - V (</>)] , (5) 

where g = det^^) and V(tf>) is the potential of the scalar field. In a FLRW space- 
time, the energy density and pressure are respectively given by 

p=^ + V(cj>), P= l -tf- V {ct>). (6) 

Whenever the kinetic energy is negligible with respect to the potential energy, the 
equation of state is effectively P ~ —p, which leads to an acceleration, according 
to the second Friedmann equation in Q . This can happen in the so-called slow- roll 
regime, for sufficiently flat potentials. 



4. Cosmological perturbations 

Let us now consider the perturbations during inflation. In addition to the scalar 
field perturbation 8<f>, one must take into account the metric perturbations as well 
and introduce the (scalarly) perturbed metric 

ds 2 = -(1 + 2A)dt 2 + 2a(t)d l B dx l dt + a 2 (t) [(1 - 2i/))5 ij + 2didjE] dx i dx j . (7) 

Using Einstein's equations and coordinate freedom, it can be shown that there is in 
fact a single dynamical scalar degree of freedom, 

Q = 8ct>+^=^n. (8) 

It can be seen either as a pure scalar field perturbation (in a coordinate system 
such that tp — 0) or as a pure metric perturbation 1Z (up to the factor 4>/H) if one 
chooses the uniform scalar field hypersurfaces as constant time hypersurfaces. Its 
dynamics is governed by the action 



s = \ I l,T < / ' i ' r 



u' 2 + diud l u + —u' 



z 



a ll ^ 



where it is convenient to use the new variable u = aQ and the conformal time r 
(dr = dt/a). 

Let us now quantize u by following the standard procedure of quantum field 
theory. One treats a as a quantum field denoted u, which can be expanded in 
Fourier space as 

n(r,x) = J d 3 k {a £ u fc (r)e^ + d\u* k {r)e- fk - s ) , (10) 

where the at and are creation and annihilation operators that satisfy the usual 
commutation rules. In the slow-roll regime, the expansion is quasi-de Sitter (i.e. such 
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that H <C H 2 ) with a ~ —1/Ht, and z"/z ~ a"/a ~ 2/r 2 (where r grows from 
— oo to 0). The most natural choice for the mode function itfe(r) is the particular 
solution (of the classical equation of motion) 

— Vs»-" T ( 1 -c)- 

which means that each Fourier mode is initially in the usual Minkowski vacuum, 
when fc|r| 3> 1, i.e. when its wavelength is smaller than the Hubble radius. Later, 
its wavelength is stretched on super Hubble scales, i.e. k\r\ <C 1, and the mode 
undergoes an amplification (the last term in the parentheses blows up). The resulting 
power spectrum (i.e. the Fourier transform of the correlation function) is 

fc 3 K| 2 /H^ 2 



^ S 2^#-**U?J ' (k<<aH) (12) 

which corresponds to a curvature fluctuation V^ 2 = H 2 /(2tt4>) (with H = 1). 

It is easy to relate these fluctuations generated during inflation to the fluctua- 
tions of ordinary matter in the subsequent radiation and matter dominated eras, 
by invoking a conservation law. Indeed, the conservation of the energy-momentum 
tensor for any perfect fluid, characterized by the energy density p, the pressure p 
and the four- velocity u a , leads to the exact relation [2, 3] 

C, S £ uC . = -3^(v a p-£v tt p) l (13) 
where we have defined 

a If 
( a = V a a - -V a p, © = V a w a , a = - / drO, (14) 
P 3 J 

and where a dot denotes a Lie derivative with respect to u a (which reduces to a 
derivative along u a for scalars, e.g. p = u a \7 a p). The quantity e Q can be inter- 
preted as an inhomogeneous generalization of the scale factor, as defined by an 
observer following the fluid. For linear perturbations, the identity (| 13|) implies that 
the quantity 

C=-^-?<5p (15) 
P 

is conserved on super-Hubble scales (fc <C aH) for adiabatic perturbations, i.e. 
such that Sp — (p/p)Sp = 0. Moreover, it can be shown that — ( coincides with 1Z 
on super-Hubble scales. For single field inflation, this conservation law holds and 
the curvature perturbation remains unchanged until the perturbation reenters the 
Hubble radius, much later during the radiation era. 

5. Beyond the simplest models 

So far, the simplest models of inflation are compatible with observational data 
(see [4]) but it is worth studying more refined models for at least two reasons. 
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First, models inspired by high energy physics are usually more complicated than 
the simplest phenomenological inflationary models. Second, exploring larger classes 
of inflation models and identifying their specific observational features is a useful 
preparation for the interpretation of future data. At present, two types of extensions 
beyond the simplest scenarios have been mainly studied: models with non standard 
kinetic terms and/or with multiple scalar fields. 

Scenarios involving several scalar fields include models with multiple inflatons, 
where several scalar fields affect directly the inflationary evolution, but also models 
where the extra scalar field(s) plays a role only later. In all cases, the crucial nov- 
elty is the generation during inflation of extra perturbations, usually called entropy 
modes, in addition to the adiabatic mode (corresponding to fluctuations along the 
inflation trajectory). The entropy fluctuations can be transferred into the final cur- 
vature perturbation, during or after inflation. This means that the quantities 1Z or 
£ are a priori no longer conserved in a multi-field set-up, as first pointed out in [5] 
(see also [6]). 

In some of these more sophisticated models, the primordial perturbations ex- 
hibit non-Gaussianities that could be detectable in future observations, whereas 
the simplest single field models predict an undetectable level of non-Gaussianities. 
In this context, an important observable is the three-point function or its Fourier 
transform, often written as 



where P c (fc) is defined by (Ci^CkJ = Pc( fc )( 27r ) 3(5(3) ( k i + k 2)- The three-point 
function can be computed for any model of inflation by using the (non-linear) re- 
lation between the curvature perturbation £ and the various scalar field fluctua- 
tions generated during inflation. Intrinsic non-Gaussianities of the scalar fields, i.e. 
non-vanishing three-point functions for the scalar field perturbations, lead to non- 
Gaussianities of equilateral shape (where the signal peaks at ki ~ fc 2 ~ fc 3 ) whereas 
a non-linear (classical) relation between ( and the scalar field fluctuations lead to 
non-Gaussianities of local shape (which peaks at k\ <C fc 2 , fc 3 ). 

An analysis of general multi-field models with an action of the form 



where P is an arbitrary function, can be found in [7] (see also [8] for a more restricted 
class of models). 

An illustrative example combining both non-Gaussianities and multi-field effects 
is Dirac-Born- Infold (DBI) inflation [9, 10], which arises from the motion of a D3- 
brane in an internal six-dimensional compact space, as one can encounter in the 
context of string theory compactifications. In this case, the function P is given by 



(C kl Ck 2 Ck 3 ) = -fMki,k 2 ,k 3 )[P c (k 1 )P c (k 2 ) + 2pevm S ] (2tt) 3 S^(Y1 k «) ( 16 ) 





(17) 



P = - 



1 



(18) 



/(</>') L 
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where the scalar fields (j) 1 are directly related to the compact coordinates of the 
brane, and where the functions / and G/j, which depends on the (j) 1 , are determined 
by the 10-dimensional geometry (bulk forms can also be included [11]). 

During multi-field DBI inflation, both adiabatic and entropic modes can be gen- 
erated, with power spectra Vq^ = (H/2n) 2 and Vq s — (H/2ttc s ) 2 respectively [12]. 
The entropy power spectrum is thus enhanced by its dependence on the sound speed 
c s = y/1 ~ f® 2 < 1) an d the final curvature is 

n = -{Q a + TnsCsQs) , ^ = Gutftf, (19) 
a 

where T-jis parametrizes the transfer from entropy modes into the curvature per- 
turbation. 

By expanding the action beyond the second order, one can also determine the 
non-Gaussianities generated in this class of models [12]. This leads to a bispectrum 
of equilateral shape with 



Inl ~ lOSc^l + T^' (20) 

which corresponds to the single-field result but with a suppression due to the 
entropy-curvature transfer. At the next order, in the trispectrum, multi-field ef- 
fects induce a shape of non-Gaussianities that differs from the single- field case [13]. 
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